Name:

Teacher:

Class:

Cm

FORT STREET HIGH SCHOOL

2010

HIGHER SCHOOL CERTIFICATE COURSE

ASSESSMENT TASK 3: TRIAL HSC

Mathematics Extension 1

TIME ALLOWED: 2 HOURS
(PLUS 5 MINUTES READING TIME)

Outcomes Assessed Questions Marks
Chooses and applies appropriate mathematical techniques in order to solve 1,2

problems effectively

Manipulates algebraic expressions to solve problems from topic areas such as 3,4,5

inverse functions, trigonometry and polynomials

Uses a variety of methods from calculus to investigate mathematical models of real | 6
life situations, such as projectiles, kinematics and growth and decay

Synthesises mathematical solutions to harder problems and communicates themin | 7
appropriate form

Question | 1 2 3 4 5 6 7 Total | %

Marks /12 112 112 112 /12 112 112 184

Directions to candidates:
e Attempt all questions
e The marks allocated for each question are indicated

e All necessary working should be shown in every question. Marks may be deducted for careless or badly arranged
work.

e Board - approved calculators may be used
e FEach new question is to be started in a new booklet
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Question 1 (12 marks)

b)

c)

d)

Differentiate cos™ (37)() with respect to x.

Find the acute angle between the lines 2x+y—-3=0 and x =1.

Correct your answer to the nearest degree.

Find the coordinates of the point P which divides the interval AB with endpoints

A(2,3) and B(7,-7)externally in the ratio 4:9.

1 x+1

0 x*+1 ax

Evaluate

Find all the real values of a for which ax® —8x* —9 is divisible by (x—a)
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Question 2 (12 marks) Start a separate booklet

. . 2X—
a) Solve the inequality 23 >3
b) i) Show that a solution for 3sin x—Xx =0 lies between x = 2-:2 and x = 2-4.
i) Taking x = 2-3 as an initial approximation for a solution to 3sinx—x=0,

apply Newton’s method once to find a better approximation correct to three decimal places.

c) Find the values for a for which f (x)=e"™(x—a) has a stationary point at x = g .

X

e

dx

d) Use the substitution X =log, u to find J-
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Question 3 (12 marks) Start a separate booklet

a)

b)
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Let f(x)=2x—x*for x<1.
This function has an inverse f ™ (x) .
i) Sketch the graphs of y = f (x) and y = f ™ (x) on the same diagram.

ii) Find an expression for f ™ (x)

iii) Evaluate f* (EJ .
4

i) Express sin x —cos x in the form Asin(x—a) where 0 <o <—

. . .| sinx—cosx
i) Determine lim| —————
V2

X—>=
4

T
X_i
4

Use the method of mathematical induction to prove that if y = xe* then

n
3 ?]/ =e*(x+n), for all positive integers n.
X




Question 4 (12 marks) Start a separate booklet

a) )} A particle moves from the origin with initial velocity u ms™ and experiences a

retardation of magnitude v+ 2v?, where v is the velocity of the particle at time t.
. . dv
Show that when it is at position x, o —(1+ 2v)
X

i) Find its distance from the origin when it comes to rest.

b) O is the centre of the circle and TQ bisects ZOTP .

TB, AP and BP are straight lines and TP is a tangent to the circle at P.

Let ZPTQ=«a and LTBQ =/

Show ZTQP =45

c) P (Zat, atz) is a variable point on the parabola X2 = 4ay whose focus is S.

Q(x,y) divides the interval from P to S in the ratio t?:1.

i) Find the coordinates of Q in terms of a and t.
. : y
ii) Verify that ==t

X

iii) Prove that as P moves on the parabola, Q moves on a circle and state its centre and radius.
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Question 5 (12 marks) Start a separate booklet

a) Solve the equation x* —3x+2 =0, given it has a double root.
b) i) Show that cos3x = 4¢o0s® X —3c0s X
i) Show that the solution of cos3x—sin2x =0, for 0<x <% is given by
sin X = @
4

iii) Verify that X = 0 is a solution to cos3x =sin 2x.

iv) Using the results obtained in parts (ii) and (iii) prove
sinZ cos = = ﬁ
5 10 4
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Question 6 (12 marks) Start a separate booklet

a) On a certain day the depth of water in a bay at high tide is 11 metres. At low tide,
6-25 hours later, the depth of the water is 7 metres. If high tide is due at 3:20 pm,
what is the earliest time at which a ship needing a depth of 10 metres of water can enter the bay?

(It may be assumed that the rise and fall of the water level is in simple harmonic motion).

b)

e = = = == -

Water is poured into a conical vessel at a constant rate of 24 cm? per second.

The depth of the water is h cm at time t seconds.

What is the rate of increase of the area of the surface of the liquid when the depth is 16 cm?

C) A particle is projected in a straight line from an origin with velocity 2 ms™.

X
When x metres from the origin, its acceleration is (2 —-e 2) ms 2.

i) Show that, when x metres from the origin, its velocity, v ms™, is given by
V2 =4x+4e ?
i) Explain why, for large positive values of x, V = 2& :

iii) Prove that the particle will move from x = 100 to x = 121 in approximately 1 second.

Page | 8



Question 7 (12 marks) Start a separate booklet

a) APB is a horizontal semicircle, diameter d metres. At A and B are vertical posts of
height a m and b m. From P, the angle of elevation of the tops of both posts is &

B.i’
bm ’
B A
am
F
A
. a’ b?
i) Prove that d* = ——+——.
tan“d tan° @
i) From B, the angle of elevation of A’ is a and from A, the angle of elevation of B’ is p.
Prove that tan® o +tan® f =tan’ 4.
b) Two particles are projected at different times from the same point with speed V. The angles of

projection of the two particles are o” and (90 - a)° respectively. The greatest heights they reach

above the horizontal plane through the point of projection are h, and h, respectively.

. R . .
i) Show that for any angle o, h, +h, = > where R is the maximum range.

i) If tan o :% and v=196 m/s, what time must elapse between the instants

of projection if the particles collide as they hit the horizontal plane? (Take g = 9-8 ms?).
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